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INTRODUCTION

This report describes analytical methods whieh have
been formulated and used in the evaluation of fire control
systems for both large caliber and automatic cannon weapons
used on combat vehicles against rround targetyg. Current
requirements for hipgh performance automatic cannon systems
have made this type of analysis necessary. ’

DISCUSSION

Classification of Erfors

Combat vehicle fire control errorel can generally ve
divided into 4 clasrifications: fixed blases, occasion-to-
occasion blases, burst-to-burst blases, and round-to-round
errors. An occasion is one tactical engagement between
vehicles. A burst is a series of round: fired in rapid
succession with the same point of aim. |

l

Fixed bilases, as thelr name implies, are |constant at
e given range. Cravity drop-off, drift of spiln stabilized
projectiles, and parallax error (due to sight offset from
weapon) are examples of fixed biases. Another source
which may contribute to thls type of error is fire control
equipment which ic damaged or out of adjustment. 1In a mod~-
erately sophisticated, well maintained fire control system,
correction is made for all fixed biases.

Occasion-to-occasion biases are errors which change
from time-to-time, but change so slowly that they can be
congidered constant over the period of an engagement.
Errors due to vehicle cant, wind velocity, air density and

temperature changes are considered to be occasion-to-uccasion

blases., These biases vary from engagment to engagement in
a rancdom fashion. In general, these errors are functions
of weapon system parameters (ammunition type, muzzle
velocity, etc.) the geometry of the tactical situation
(range) and the firing conditions.

lFor a more complete discussion of combat vehicle error sources refer
to: K. Pfleger amd R. Bibbero, "The Evaluation of Combat Vehicle Fire
Control/ Gunnery Systems,” Frankford Arsenal Report R-1937, Sep 1969.
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Burst-to~burst blases are random and generally have
different values for each burst fired during an engagement.
If & gunner lays the reticle onto the target before each
burst of fire [from an automatic cannon, then the laying
error is a burst-to-burst type of error.

Round=-to=-round errors are random taking on different
values for each round, so that no correction can be intro-
duced by the fire control system. Ammunition dispersion,
(due to number and size of projectile propellent zrains,
fit of projectile to cemse, orientation of the round in the
chamber, etc.) must be treated as a round-to-round error.

Assumptions

The following assumptions are made in analyzing the
problem of multi-round hit probabilities:

1. V is & normally distributed random variable *
which represents the component of fire control error that
remains constant during the period of time (several minutes)
of a single engagement. The mean of V is the fixed bias of
the system; and the standard deviation of V is the standard
deviation of the occasion-to-occasion biases.

2, B is i normally distributed random variable which
represents the component of error that remains constant
during a burst but has a different realization for each
burst. B has zero mean.

3. R is 8 normally distributed random variable which
represents the round-to-round error. R has & zero mean.

4L, Vv, B, and R are mutually independent.
5. The horizontal gnd vertical compounenvs of the
i;zg;:;lzgggfsented by (vx,vy), (Bx'By) and (Rx’Ry) are 1
Single Shot Hit Probabilities
The following expressions give the single shot hit probde

ability in terms of the variables defined above (the round
fired is considered to be a sinpgle burst of one round):

*

Throughout this report random yariables are represented by upper
case letters (e.g., V, B and R} and realizationg of these random

variables bv the corresvonding lower case letters (e.g., v, b and r).




The total horizontal error e¢_=V_+B +Rx is normally dis-
trivuted with mean E{ex}=ux and variance

Var{ex}=E{(Ex-ux)2}=°§=7§+w§+“§

vhere uxsE{V,} - fixed bdias

variance of occasion- to-
occasion biases

variance of burst-to-burst
bilases :

variance of round-to=round
errors

y%lVar{Vx}

¢2=Var {B,}

0§-Var{Rx}

For the total vertical error, replace the subscript x
with the subsecript y in the above equations.

If the farget is rectangular with dimensions w_ by w
(in the same unite as the errors) then the single aﬁot h1¥
probability P{H} is given by

(1)

- “x r -y
I X [ 2 o Lwgd? | 3 4 op)?
: ' e~ T .. e ‘
P{H}= Jonox j- g o ds fé%; o oy &
| 2 2
- L

—— -—

—

Multiple Round

If a burst of N rounds? is fired at a target, the prob-
ability of getting exactly K hits ,P{K/N}, must be determined.
If each round were independent of all others fired then this
probability would be

N , K : N-K
pi/n} =(§) (8] [2-p )]
wvhere P{H} is the single shot hit probability end\¥/= TP

(binomial coefficients).

2 For specific treatment of the two-round problem refer to: R.H. Peterson,
"Hit Probabilities Associates with Two Successive Rounds," BRL Memo-
rendum report No. 1714, Aberdeen Proving Grounds, June 1966.
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The rounds are not, in general, independent since part
of the total error is shared by all rounds fired during an
engagement; another part is shared by all rounds within the
burst; and yet another part changes from round-to-round.

If e measure the cartesian coordinates of each round
as it passes through &8 vertical plane containing the target
(with the center of the target as the origin) and if the co-
ordinates are designated by (S,T), then

8 =V +«B + R (2)
b x x
T =Y + B + R
y y y
Each round in a particular burst will have the sane
realizations of the bias random variables, V and B, bdut
different realizations of the round-to~round random variable,
R. Letting the horizontal bias, V_ + B_, be represented
by X and the vertical bias, Vy + By, be”Y; Equations 2 become
S = X + Rx ‘
T =Y + R
v (3)
If realizations of X and Y are specified for a particu-
lar burst, that l1e, 1if X = x and Y = y, then S and T have
means x and y and variances v2 and v2 respectively. The

conditional probability of gegting a'hit on the target with
any round of the burst pglven the realizations of X and Y is

e §
2 - )2
)@Xi%ﬂi: . e'k'bﬁél'dj

" _ - ()
&
2 .
ol 4 3 (t=y)2 _P{_‘“x € 5% [, Jopi Y s Sfl'f ]
=l B R S S R o i
L 2

To s8implify the notation,the above expression 1s re-
written as

P{H | x,y} = P{H_|x} P{Hyly}

7
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Furthermore, if realizations of X and Y are specified,
each round within the burst is independent of the others.
The probability of hitting the target with two particular
rounds given x and y, is P{H]x,y}2

In general, the probability of getting exactly K hits
of an N round burst, given x and y, the components of the total ]
bias for that burst is

]N-K

P{x/n|x.y}-{g}[’(Hl""}]x [I'Pm"'y} (5)

Multiplying the above expression by the probability density
function for the variables X and Y, p(x,y), and integratins
over all possible values of bias yields the required results, f

- : K , . o '
/M= (g | ‘[ Jf [Palxy] [1-ptalxy] " plxiy) ax oy (6)
The expression for p(x,y) can be obtained since X and Y are
normally distributed independent random variables with
E{X} = B {V_ + Byl= u,
var {X} = Var {Vx + Bx] = "i = Yi + y2

and similar expressions for E {Y}and var {Y}. The joint
density function for X and Y is then given by

o {x-ug)? . (y-uy)?

1
plx,y)= Fengny nZ nZ (7

The multiple integral (6) with the integrand made up of
terms from Equation 4 and Equation T can be evaluated numer-:
icrlly using either Simpson's rule or a Gaussian quadrature
formula. The two single integrals which make up F {Hlx,y}
are usually available as library subroutines in a digital
computer system.
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An alternate method of evaluating P{K/H}is to expand
[‘;—E' {H[x,.‘{}] Nk by use of the binomial theurem.

l_l-PtHlx.y} 2;(-1)“‘| N K P(Hlx.y)]"

E =l “'K pmx|x}]" e ta |51

Substituting this into interchanging summation ahd inte-
gration, and letting n= J+K ylelds.

\ } '
P{K/N}= {g) i(,l)n-x ‘l‘g:ﬁ} P{n/n} (8)

ns

where

1 - (x~iiy )2
Pin/n}el et ] [Pl e == &
x J, |

(y-uy)?
| bl

P{"/,} represents the probability of anchieving exactly n hits
of an n round burst. P{1/1} is the single shot hit prob-
ability, P{H}. Then the following matrix equation can be
written for P{K/N} in terms of P{"/n}., Note that P{0/0}z 1.

e e o el

R

Mo 3 .




;
‘; | - r— | 1
{ i {P{c/n} (5 0 0oeeer 0 0 (“) - (%) (8 (3] ceereet-0® (B 2 "
| |pam |[ o) oreeeeer 0 0 S i R R Yl 6 | ELCTY
pe/my [4 0 o (Jorreeeeereioffo 0 ("'2)(“ o CEEOYS 1)“'2("'§ Pl2/2)
S| T e |
_,P{N/N}_J O O tsesesesess 0 (:H_o 0 *eterctrcnraractcanans ‘8) B (N/N)

The problem thus reduces to an evaluation of the
quantities P{a/n},n = O,N, defined by Equation 9 rather
than the computationally more complex expression of Equation
6. The difficulty with thia method is that the elements

;' of the matrices become large as N increases and, since the
signs alternate in one matrix, small errors in the evalua-
N tion of P{n/n} may cause large errors in P{K/N} . N< 20 has

been tried with excellent results,
Probability of at Least L Hits of N Rounds Fired

The performance specification of an automatic cannon
system may be stated in terms of achieving a certain probdb-

2 ability of getting at least L hits of an N round burst., It
3 the quantities P{K/N} are known, this probability is easily
- calculated. N

P {at least L hits of N rounds} = ZE:P{K/N} (11)
=L

Tables and plots of these probabilities for several values
of L and ¥ can be found in the Appendix.

Since 21~ P{K/N} =1, Equation 11l can be rewritten as

K=0
L-1
P{at least L hits of N rounds} = I-ZE:P{K/N} (lle)
K=0

so if LssN Equation 1la reduces the number of terms that
have to be summed,
Specifically if L = 1 we get

Probability {at least 1 hit of N rounds}l=1l - P{0O/N} (22)

10




Expected Number of Hits

The expected number of rounds that hit a target, EH,of
& burst of N rounds is given by

D Kk PK/N)

Eq

using the expression for P{K/N} of Equation 6, EF becones

N
EH'ZK@ IGT' P[{Hlx»)'ﬂx [l-P {H|x.yﬁn'x p(x,y)dxdy

K=o = -=

Interchanging integration and summation yields

.| K
el N N, [ P{H|x,y} |
EH l:,l[l-P{H|XQYﬂ z{:x{g) h_P{Hlx’y}/ P(X,Y)dxdy
K=0

R
Using the binomial theorem,(1+r)N= EE:(Q rK
K=0

differentiating this expression with respect to r, and multi-
Plying by r yields

N
Nr(1+r)""1 = Z‘c@ r¥
K=0

P{H|x,y)}
1-P{H!x,Y}

letting r= ’EH can be written as

EH=I P{H|x,y}p(x,y)dxdy

-y -~

=NP{1/1}

'NP{H} (13)

11
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The expected number of hits on & target of & burst of
N rounds is equal to the single shot hit probability multi-
plied by N. Values of P{H} are tabulated in the Appendix.
Variance of the Number of Hits

The variance of the number ot rounds that hit a target
in a burst of N rounds ic

N
o%%E:(K-EH)Z P{K/N}
K=0

wvhich can be written as
uf

a§=-2§ +Z K2P {(K/N}

K=Q
Substituting the expression of Equation 6 for P{K/N},0? te-
comes H

N :
: N A e 1Kp *K-K
. ;og = -EI?[ ...ZK \Ki :[' ‘[‘ LP{HIX’Y}J& [1 P{Hlx!y}J p(x,y)dxdy
K=0

Interchanging integration and summation
" . P{H|x,y}
2 - _n2 © r”il—P X N (l ’
o2 = -E2 +f IR { Ix,y}j m p(x,y)axdy
(] - 00

N ‘WK
Again using the binomial thecrem, (14r) = T

differentiating twice with respect to r and multiplying by

r2 yields
N

Nz-(l-"l‘lr)(1+r)N-2 = jg:Kz(z)rK
K=0

12
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P{H|x,y} 2 4
Letting r = 1-P (8 ;T;T » Oy becomes

qé -‘[‘ [.[NPm'xiy}"'N(N-l)(Pmlx,y»a] p(x,y)axdy '!ﬁ

= ¥[p/11-pie/z] +n2 [P ie/2)-(2 /1]

Letting P {(H)=P(2/2},that is,the probability of getting exactly two
hits of two rounds fired,

o2 «n[pin) -~ pom)] + N2[pom) - (P17 (14)
Values of P{H} and P{HH } are tabulated in the Appendix.
Avarege Number of Round+- . t» Achieve a lit

In this section an expression is derived for the aver-

- age number of rounds which must be fired at & target bvefore

the first hit is achieved. It is assumed that no attempt
is made to sense miss distance or Lo make corrections be-
tween rounds.

When a serles of rounds is fired at & target,the prob-
ability that the first hit occurs on the Kth round is

P{H|x,y} [1-P {Hlx,y}:! 1 plxay )axay

The average number of roundus which must be fired be-
fore achleving a hit is
»
" 1K-1
Bpw) K P|x,y} 1-P@[xy} 7 plxey)andy
K=1 ® "%

Interchanging summation and intepration and making use of
the relationship -

K1

1
zl-rsz =) &

K=l

EIRE
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yields the required expression for the expected number of
rounds to hit the target for the first time when
r= [1-P (HI x,y]]

Eq t/f;[.iqiT%:;y-P(x.y)dxdv
| (x'ux)z 1 r

vl [ S =3 L i ]

The integrals in (15) diverage for n>v, that is, Ep is
infinite. For ngv the integrals converge and ths values of
ER are tabulated and plotted in the Appendix.

Correlation Between Bursts

When two burst are fired in succession at the sanme
target, the events are not generally independent, There is
a componwent of blas error, which is common to both bursts,
and another component which is, in general, different for
each burst.

The horizontal and vertical components of the total
bias for the first burst are

X123Vy * By1

+ B
Yl-Vy yl
For the second burst the components of bias are

X2=Vx + Bxa

S8ince the components Bxl'BxQ' Byl and Byz are mutually inde-

pendent burst-to-burst raadom variables, it follows that
(k: Yo (X5=Vy), (Y -V ) and { ) are mutally inde-
pendent with the fo lo ing conaitioxal probability density
function f(X],J$.xi,y&|vx=vx,vy=vy)

(x1=-vy) (¥1-vy)? (xp=vy)?  (yp-=vy)?2
= . e-;{ [—Lw'x—— + __l-vfzy' + Ewa + 24,2! (l(')
ETT y x y

;

j
j
!
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and the probability density function for the occasion-to-
occasion biases is given by

- )2 - Y2 : :
( Ju —k e"[(vx :rx) v L :Y) ] (17)
B\VyrVy 2TYary Yx Yy

The probadility of achieving exactly Ky hits of N, rounds
fired in the first burst and K2 hitl ° l2 rounds firel in
the second burst is

P{Ky/Ny,ikp/Np)e [j(fli) [Fetlxyyy 1] [l-P(Hpryl}]“l"‘l

” :’ [P {H | Xp 'VR }]K \.l-P {H ' x2 oYa}] NE—KZ

f(xl,yl,xe,yalVx,Vy)g(Vx,Vy) dx ) dy | dxadyadvydvy, (18)

Integrating on the variablas A and'v_ the above ex-
pression can bde written y

P{Ky /Ny ,Kp/ )= f.. f@l) [P{HlxleﬂJKl [l_-P{Hlxl.yl}JNI—Kl(;ég)

[0t auy 170 1P )y, 1] e K200y g 2,2 Ay Ay 808y (19)

where
1=ty ) 2=2p (%3~1y ) (xgmpy )+ (3p=uy ) 2

I
h(xlnyl'xg;YQ)' '—r- 2( -D )L Nx

(yy=uy)2-20, (y1-uy) (yg-uy)+(y£-uy)2](2°)

1
L] 1 nd
e a(1- 2
772“ Tl (1 py!) ng

and p.= - [o ¥ _EZ_,:
X Yx"'u’x Py 'Yy""by

15
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That is, the biases are Jjointly normally distributed
with a correlation coefficient which depends on the relative
slize of the variance of the burst-to-burst error and the
variance of the occasion-to-occasion error, 1If Px™Py ™ 0
the bursts are independent,.

Equation 19 can be simplified by making use of the
following relationships:

1., From Equation 20 h(xl'yl'xp.ye) can be written
in the form ‘ ¥

h(xl.yl.xg.va) b hx(xl.xg)-h,{yl.y‘é) :
2., From Equation &
P{H|x,,y;} = P{Hx|x1}~?{ﬂy|¥1}
P{Hlxa,ya} = P{H, |x2}'P{Hy|yé}
3. By use of the bLinomial theorem
Nl"Kl
. N-k1 N\, (N =K1 4 1
[1-P (8 2y o4 ] -> (-0t (MY )[P{Hxlxl]] [Pylyy)]
10
Na-Ka
. No=K Y (N -x) 3
[1-r t[x v, 1] Y22 > 07 (272 [pa )] [Pty lyo1] !
3=
By substituting the above expressions into Equaticn 19,
interchanging summation and integration operations and let-
ting n-i+K1 and nuj+K,, the probabdbllity of achieving exactly

K+ hits of Nl rounds fired in the first burst and Ka hits
o N2 rounds~fired in the second burst becomes

N2 N1
UKy /Ny K /Na} £ (B) (}gg)z y (=072 oKy (%2288 o to/n,mimd (22)
mmK2 n=Kq
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where

P{n/n,m/n}= [P{Hxlxl}] n [P [Hxlxg}] ™ hy(x)0xp)dxy ydxp

8
s

.[P{l:lyly'].}]ﬂ[l’{ﬂylyaj]n sy(YlnYQ)dylvdyg (22)

<
gt

This procedure reduces the complexity of the cslcula-
tions. Howvever, as noted previously,the appearance cf the
binomial cocefficients in the expression pute a practical
limit on the size of Nl and Na.

e e

e
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APPENDIX

Tabulation, of Numerical Calculations of Hit Probabilities

Tables I through XI give the probability of achieving
at least L hits of N rounds fired at a target, for various
values of L and N, as & fuaction of the total bias standard
deviation,n, and the round-to-round standard deviation -.
Table XII gives the single shot hit probability, P{H} (or
P{1/1}), and Table XIII gives the probability of schieving two
hits of tvo rounds fired at a target, P{HH} (or P{2/2)}). Tabdlas
XIV gives the average number of rounds to achieve a hit, E.,
In all of the tables n veries from 0 to 20 mils and repressnts
both the vertical and horizontal components of bias (:I..e..nx
= n_ =n).,v varies from 0 to 6 mils, also equal in doth dir.n-
siofs (vymvy=v). These tabulated dats have been plotted in
Figures § through 14. The figures have been numbered to
correspond with the tables.

All cealculations were nade for & target size o? 7.5' x -
T.5' at 1000 meters. To use the tables and figurus for othgr
size targets at other ranges the following equations should be
used:

n = u ¢ —&_ l‘[’

T 1000 z'
. R ’

v L2 10060 7

vhere n and v are tsbulated valnes and n (R.'I') and v (R.T) are
the errors at & range R (in meters) ageinst s target measur-
ing T x T (in feet).

As an example, suppose we wish to know the probability
of achieving at least 1 hit of 2 rounds fired at a 15' x 15°'
target at a range of 1500 meters, given that the bias stand-
ard‘deviation is 0.8 mils and the round-to-round standard
deviation 0.4 mils. Applying the above equations we get:

now Lol x 0:8 = 0.6
15 100

\.-M xl.j_gg_;o.h-o.3
15 1000

Consulting Table I for n = 0.6 and v =0.3 the probability of '
at least 1 hit of 2 rounds fired is 0.9187. !
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Figure 14. Average Number of Rounds to Achieve a Hit
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GLOSSARY OF SYMBOLS

The symbols used in this report were chosen to permit
reference to other texts on the subject and to maintain
consistency throughout the report itself,

GREEK LETTERS

Hy oMy

2 2
YxiYy
2 42
42,42

2 a2
ﬂxﬂ\y

2,2

PROBABILITIES

P {i}

P{K/N}

P{H'X,Y}

P{K/N|x,y}

Pi. /Ny Kp/Np}

The fixed biss in Lhe horizontal and vertical
dimengions réspectively.

The variances of the occasion-to-occasion
biases in the horirontal and vertical ¢i-
mengions respectively,

The varianceg of the burst-to-burst biuses
in the horizontal and vertical dimensions
respectively.

3
w

Tve veariances ¢f the total bias presgent 'dur-

ing o burst in the horizontal and vertical
dimensiont respectively.

The variances of the round-to-round orrors
in the horizouwtal an? vertical dimensions
regpeetively,

First round hit probabliity.

The probability of obtaining exantly K hits
on a target from & seguence of N rounds fired.

The conditional probability of & hit glven
the values x and y horizontal and verti:al
components of bias respectively.

The conditional probabillity of obteining ex-
actly K hits of N rounds tlred given the

values x and y, the horizontal and vertical
components of bilas respectively.

The prebability of obtaining exactly K

hits
from an N, round firgt burst and exac%ly K,
hits frem an N, round second burst. -

bt

o it




OTHER TERMS

The esxpected or average number of rounds
which must be fired to obtain a first hit.

The expected or average number of hits ob-
tained when Tiring a burst.

The variance of the number of hits obtained
when firing & burst,
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